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We generalize the recent proposal that invariance under T-duality leads to additional non- 



We show that invariance under type IIB S-duality requires the introduction of a new set of 
, fluxes leading to further superpotential terms. We find new classes of M=l supersymmetric 

^ ' Minkowski vacua based on type IIB toroidal orientifolds in which not only dilaton and complex 



moduli but also Kahler moduli are fixed. The chains of dualities relating type II orientifolds 
to heterotic and M-theory compactifications suggests the existence of yet further flux degrees 
of freedom. Restricting to a particular type IIA/IIB or heterotic compactification only some of 
these degrees of freedom have a simple perturbative and/or geometric interpretation. 
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1 Introduction 



Fluxes of antisymmetric fields in string compactifications have been studied intensively 
in the last few years [1]. One of the most interesting aspects of the presence of these 
fluxes is that they may generate superpotential couplings for the compactiflcation moduli 
[2]. These superpotentials, perhaps supplemented by other dynamical effects like gaugino 
condensation, may lead to a full determination of all moduli, solving an outstanding 
problem in string theory. 

Type IIA orientifolds with fluxes were rather neglected in the past but are are starting 
to receive more attention [3, 4, 5, 6, 7, 8, 9, 10]. In IIA compactiflcations it is possible to 
switch on backgrounds of even RR and odd NS forms. This in turn implies the important 
result that IIA flux-induced superpotentials depend on all geometrical moduli as well 
as on the dilaton. In particular, it has been shown that in simple toroidal orientifolds 
one can stabilize all closed string moduli in AdS space without considering extra non- 
perturbative (e.g. gaugino condensation) effects [5, 7, 8]. Moreover, in type IIA it is 
natural to incorporate metric fluxes [5, 6] that correspond to generalized Scherk-Schwarz 
reductions [11, 12, 13, 14, 15]. In presence of metric backgrounds, the flux contribution 
to RR tadpoles can have either sign or even vanish, opening interesting possibilities for 
model-building [8]. 

A logical question is whether type IIB flux-induced superpotentials can also depend 
on all moduli. In fact, it has been recently shown [16] that in order to recover T-duality 
invariance between the type IIA and type IIB versions of the same compactiflcation in 
the presence of RR, NS and metric backgrounds, new 'non-geometric' fluxes have to be 
introduced. Once this is done the superpotentials on the type IIA and type IIB sides 
adequately match. Such non-geometric fluxes had already been, and continue to be, 
studied by several authors [17, 18, 19, 20, 21, 22, 23, 15, 24, 25, 26]. In this paper we 
generahze the work of [16] to orientifolds with several diagonal geometrical moduh. We 
will give explicit expressions for the superpotential and tadpoles in terms of integrals 
involving the flux tensors. 

As pointed out in [16], there is still a puzzle. We know that the type IIB theory has an 
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S-duality symmetry built in. This symmetry is inherited by the effective potential of type 
IIB orientifold compactifications in the presence of standard RR and NS backgrounds. 
However the symmetry disappears if we introduce the new non-geometric fluxes. In the 
present paper we argue that in order to recover S-duality in the underlying orientifold 
theory one has to introduce an extra set of 'S-dual' fluxes. These S-dual fluxes give rise 
to new terms in the effective superpotential and do also contribute to RR tadpoles and 
Bianchi conditions. In order to study the structure of tadpoles and Bianchi identities we 
make use of SL{2,'L)s transformations. Whereas the '3-brane' RR tadpole is S-duality 
invariant, '7-brane' tadpoles come in a SL{2, Z)s triplet and couple to a triplet of 8- forms 
in agreement with results in [27, 28, 29, 30]. On the other hand, S-duahty transformations 
on Bianchi identities give rise to new constraints. The extra flux degrees of freedom still 
respect T-duality among type IIA and type IIB so that the effective action is both S- 
duality and T-duality invariant. We describe all these fluxes in the context of a simple 
TV(n(-l)^^/6) type IIB orientifold (TV(n(-l)^^/3) in type IIA) and concentrate on the 
dynamics of the seven diagonal moduli. The additional S-dual terms in the superpotential 
allow us to obtain new classes of J\f=l Minkowski vacua in which not only dilaton and 
complex moduli but also Kahler moduli are fixed. As it happened in the AdS type IIA 
vacua in ref . [8] , the contribution of fluxes to RR tadpoles may have the same or opposite 
sign to that of D-branes. 

We also argue that comparison with related compactifications leading to similar models 
(based on M-theory compactified on = T"^ Z2 and heterotic on twisted tori) 
points at the existence of further flux degrees of freedom beyond those mentioned above. 
In particular, the combination of type I-heterotic duality with heterotic self T-duality 
suggests that the full underlying duality symmetry in these toroidal examples includes 
SL{2,Zy = SL{2,Z)s X SL{2,Z)fj x SL{2,Z)^. Pull duality invariance requires the 
presence of up to 2'^ fluxes. 

The structure of this paper is as follows. In the next chapter we define the geometry of 
our orientifold examples and describe the fluxes, superpotential, RR tadpoles and Bianchi 
conditions for both the type IIA and its T-dual type IIB version. In chapter 3 we generahze 
the setting and describe in detail how T-duality requires the introduction of non-geometric 
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fluxes and give explicit formulae for the superpotential in this generalized case. The 
modifications of RR tadpole conditions as well as Bianchi identities are discussed for the 
three T-dual settings of type IIB with 03-planes, type IIA with 06-planes, and type IIB 
with 09-planes. We also briefly describe some general properties of minima of the scalar 
potential induced by fluxes. In chapter 4 we describe how the S-duality underlying type 
IIB theory requires the introduction of novel 'S-dual' flux degrees of freedom giving rise to 
new terms in the superpotential. In order to study the structure of tadpoles and Bianchi 
identities we make use of SL{2,'Z)s transformations and provide particular solutions of 
the constraints. We report on chapter 5 on a search for J\f—1 Minkowski minima of the 
flux-induced scalar potential showing several examples. In chapter 6 we compare the type 
II results with those coming from compactifying M-theory and heterotic strings on twisted 
tori. We also discuss the generalization to SL{2,'Zy invariant superpotentials in which 
fluxes fill an spinorial representation as described in the appendix. Some final comments 
are left for chapter 7. 



2 Orient ifolds with NS, RR and geometric fluxes 

Before addressing the issue of non- geometric fiuxes as well as the new fluxes implied by 
S-duality, we review in this chapter the basic features of the toroidal orientifolds under 
consideration. We start by describing the moduli and fluxes of a type IIA orientifold on 
T^/[Qp(— 1)^^(Ja]. In this case the orientifold symmetry allows to include metric fluxes. 
We then move to the T-dual IIB orientifold on T^/[f2p(— 1)^^(Tb]. For both cases we give 
the expressions for the flux-induced moduli superpotential as well as Bianchi and RR 
tadpole cancellation conditions. 

2.1 Notation 

Let us flrst flx our notation for the geometric moduli on the tori. We focus on compact- 
iflcations on a factorized torus T^ = (8)f=iT?. As basis of closed 3- forms with one leg on 
each sub-torus we take 

ao = dx^ A dx'^ A dx^ ; /?o = dy^ A dy'^ A dy^ , 
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ai = dx^ A dy^ A dy^ ; /3i = dy^ A dx^ A dx^ , (2.1) 
a2 = dy^ A dx'^ A dy^ ; P2 = 0^2;^ A dy^ A dx^ , 
Q!3 = dy^ A A da;^ ; Ps = dx^ A dx"^ A , 

where = a;*"'"^. Our normalization is J^pg cti ^ f^j = Sjj. The closed 2-forms and their 
dual 4-forms are 

(jji = -dx' A dy' ; tUj = dx^ A dy-' A da;''' A dy'' ; i j k . (2.2) 

Notice that Jr^^Ui Auj = Sij. Each sub-torus has area {27T)'^Aj and the geometric 
complex structure parameters are given by 

Tj = —^{Aj + i Cjx ■ ejy) (2-3) 

where ej^ and ejy are the lattice vectors of sizes Rl and i?^. The Kahler form is 

3 

J = J]AcUi. (2.4) 

i=l 

As usual the holomorphic 3-form can be written as 

n = (dx^ + in dy^) A {dx^ + ira rfy^) A (rfa;^ + ir^ dy^) . (2.5) 
Clearly, Q can be expanded in the basis of 3-forms. 

2.2 II A orientifold with 06-planes 

Consider the IIA orientifold on T^/[Op(— 1)^^(7^], where Vtp is the world-sheet parity 
operator and (—1)^^ is the space-time fermionic number for left-movers. The involution 
(Ta acts on the Kahler form and the holomorphic 3-form as (Ta{J) — —J and (TAiP) — 
In terms of the coordinates this is aA{x^) — and crA{y^) — — y'- These imply 06-planes 
that span space-time and the x^ directions. Each sub-torus has now a square lattice, 
consistent with the involution. Thus, r, = R{j/Ri and Aj = RP^R^. 

We concentrate our analysis on the seven diagonal moduli of this llA orientifold, the 
dilaton three Kahler moduli % and three complex structure moduli Ui. As shown in 
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[4] they can be concisely described in terms of the complexified forms 

3 

Jc — B + iJ = i TiCUi , 

i=l 

3 

= C3 + iRe {Cfl) = iSao - i ^ t/^a^ . (2.6) 

i=l 

Here B is the NS 2-form whereas C3 is the RR 3-form that is even under aA and can 
therefore be expanded in the aj. The compensator field C is specified by 

C = e-*^e^-/2 . Kcs^-log[~[ QAQ*], (2.7) 

where 04 is the T-duality invariant four-dimensional dilaton given by = e'^/VvolT6. 
Clearly, Re Tj = R?^R^ and from Vtc we readily find 

Re5 = e-'t'RlRlR^ ; ReC/^ = e-'^R'^R'^Rl ; i^j^k. (2.8) 

We are measuring all lengths in units of 

The Kahler potential for the moduh takes the usual form 

3 3 
K^- \og{S + S*)-Y, log(C/^ + C/*) - E log(^^ + ^i) ■ (2-9) 

i=l j=l 

A superpotential is generated by turning on fluxes as we discuss next. 

Under the orientifold involution the NS H2, is odd, the RR forms Fq and F4 are even 
while F2 and Fq are odd. Thus the general fluxes allowed are 
3 

Hz = Y^^Lh'^ (2.10) 

L=0 

3 4 

Fo = -m ; F2^Y^qiUi ; ^4 = ^6^0;^ ; Fe = eofto A /3o ■ (2.11) 

i=l i=l 

The coefficients in these expansions are integers since the integrals of the fluxes over the 
corresponding p-cycles are quantized. To avoid subtleties with exotic orientifold planes we 
take the flux integers to be even. As in [8] we take all forms to have dimensions (length)"^ 
so that moduh flelds are all dimensionless. 

The orientifold involution also allows for metric fluxes that arc deformations of the 
original manifold. Such backgrounds appear naturally in the context of Scherk-Schwarz 



reductions [11]. They are equivalent [12, 13, 14, 15] to compactification on a twisted torus 
defined by 
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uj^nV^'Av" ; M,N,P = !,■■■, 6, 



(2.12) 



where r)^ are the tangent 1-forms. The metric fluxes are the constant coefficients co^j^, 
antisymmetric in the lower indices. In general, the twisted torus has isometries with 
generators Zm- The uj^n turn out to be the structure constants of the Lie algebra 
generated by the Zm, i-e. 

[Zm,Zn] — ujmn^p ■ (2-13) 

Either from the Jacobi identity of the algebra or from the Bianchi identity of (2.12) one 
finds that the metric fiuxes must satisfy 



^[mn'^r]p — • 



(2.14) 



It can further be shown that cup^^ — [11]. The metric fluxes must be quantized by 
consistency of the twisted torus structure [31]. 

An useful result in the following is that we can contract the metric fluxes with a p-form 
X to obtain a (p + l)-form luX with components 



(ujX) 



LMNi-Np-i 



'^[LM'^Ni-Np-i]A ■ 



(2.15) 



Actually, for a constant form, cuX is basically dX computed in the twisted torus. 

The metric fluxes are even under the orientifold involution. Then they can be of type 
culf^, cUji^, Luff^, i = 1, 2, 3, a = 4, 5, 6. As in the case of RR and NS fluxes, we only switch 
on metric fluxes with one leg on each sub-torus. Thus, there are twelve free parameters 
for which we use the notation 
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64 



( 



\ 



'^23 ^53 ^26 



^34 
"^42 



"^31 ^61 



^15 -^12 / 



^ hi bu hs ^ 

&21 ^22 ^23 
^'31 ^'32 ^'33 



(2.16) 



The Jacobi identities imply the twelve constraints 



bikbkj + bkkbij 



; iy^jy^k. 



(2.17) 



Finally, the NS flux must satisfy the Bianchi identity [12, 6] 

uH^ = , (2.18) 

with the contraction defined in (2.15). This constraint is satisfied automatically by the 
particular fluxes (2.10) and (2.16). 

The super potential induced by the fluxes can be obtained by performing the explicit 
Kaluza-Klein reduction [4, 6]. The RR fluxes generate a superpotential only for the Kahler 
moduli, namely 

Wk^ I c'^AFrr , (2.19) 

where Frr represents a formal sum of the even RR fluxes. NS and metric fluxes give a 
superpotential for the dilaton and complex structure moduli that can be cast as 

Wq= f n,A(Hs + ujJ,) . (2.20) 

Recall that ujJc is a 3- form as defined in (2.15). Using previous results it is easy to 
compute Wq. Combining with Wk yields the full superpotential 

3 

W = eo + ihoS + ^[{iei - GiS -biiUi -'^bijUj)Ti - ihiUi] 

- qiT2Ts - 52^1X3 - q3TiT2 + imTiT2T3 . (2-21) 

This result was first presented in [6] and analyzed in detail in [8]. 

The fluxes also induce RR tadpoles. In this IIA orientifold there are C7 tadpoles. In 
fact, the ten-dimensional action has a piece 

/ [Cr A {mHs + uuF^)] + f ' (^.22) 

The second term takes into account the coupling to 06-planes and stacks of D6-branes 
wrapping factorizable 3-cycles 

Ha = ml) {nl ml) ® (n^, ml) , (2.23) 

and the corresponding orientifold images wrapping ®i{n^a^ ~m^^). Here n\ (^L) 
wrapping numbers along the (y*) torus directions. The 06-planes wrap (8)1(1, 0). From 
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the component of C7 along x^, and x^ we obtain 

J2 Nanlnlnl + ^ {mho + oigi + 02^2 + 0353) = 16 . (2.24) 

a 

Prom other components of C7 there are further cancellation conditions 
^ NaTilmlml + ^{mhi - qibn - 52&21 - g3&3i) = , 

a 

^ Namlnlml + ^(m/i2 - Qibu - g2&22 - ?3fc32) = , (2.25) 

a 

^ Namlmlnl + ^(m/ig - ^1613 - ^2^23 - Qshs) = . 

a 

In a Z2 X Z2 set-up there are other 06-planes that contribute -16 to the right hand side 
[32, 33]. 

2.3 IIB orientifold with 03-planes 

We now discuss the IIB orientifold on T^/[Op(— l)'^^^^], with involution acting on the 
Kahler form and the holomorphic 3-form as (Tb{J) — J and (7b(Q) = — Q. In terms of 
the coordinates this is asix^) — —x^ and (JB{y'^) — — y*- Thus, there are 03-planes that 
span space-time. Upon T-duality along a;^, x"^ and x^, we recover the IIA orientifold with 
06-branes of the previous section. 

We have again seven diagonal closed moduli, the dilaton, three Kahler moduli and 
three complex structure moduh. We denote them as S, Ti and C/j, even though they have 
different realizations in terms of the ten-dimensional degrees of freedom. In fact, the IIB 
and IIA moduli are related by T-duality as T, Ui, whereas 5" is invariant. The IIB 
complex structure fields arc given directly by the toroidal complex structures, i.e. Uj = tj. 
The complex dilaton is instead 

3^6"^ + iCo , (2.26) 

where Co is the R-R 0-form. The Kahler moduli can be extracted from the complexified 
4-form 

3 

Jc^C^+'-e-t'JAJ^iJ^Tm, (2-27) 

1=1 



8 



where C4 is the RR 4-form. The Kahler potential for the moduh has the same expression 
(2.9). The flux generated supcrpotcntial will be presented shortly. 

The RR 3-form flux is odd under the orientifold involution. The most general flux can 
then be written as 

3 

T-i = -mao - eo/3o + ^"YH^^^^^ ~ ^^^^ ' (2.28) 

Observe that the flux coefficients are the same that appear in the RR IIA fluxes, c.f. 
(2.11). This is in agreement with T-duahty. For the RR field strengths the Buscher rule 
states [34, 35] 

-^MAfi-.-Wp <— ^ -PiVi-.-Afp , (2.29) 

where T^ is T-duality in the direction. Then, performing T-duahties in 
in that order, on ^3 we obtain the IIA fiuxes given in (2.11). Additional T-dualities 
in x^^x^^x^^ give the fiuxes in the IIB orientifold on T^/fip that has 09-planes. These 
results are summarized in table 1. 



IIB/03 IIA/06 IIB/09 flux 



•^123 




— -F456 


— m 


^423 




Fl56 


-91 


•^153 


-F25 


-P426 


-92 


^126 


-F36 


-F453 


-93 


•^156 


-P2536 


— -F423 


ei 


^426 


-F'l436 


— -F153 


62 


•^453 


-^1425 


— -Fl26 


63 


-^456 


-^142536 


-F123 


-eo 



Table 1: RR IIB/03 fiuxes and their T-duals. 

The NS 3-form flux is also odd under the orientifold involution. We thus have the 
general expansion 

3 3 
H-i = /lo/^o - XI + ^o'^o ~ XI ■ (2.30) 

i=l i=\ 
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For NS fluxes we can apply Buscher rules [34] to T-dualize when H3 arises from a 2- 
form independent of the dualized coordinates. In this case it is known that NS fluxes can 
transform into metric fluxes [36, 19]. As reviewed in [8], starting with Hs = /io/^o — ctiC^i 
and performing T-dualities in x^,x^,x^, leads to the II A fluxes 



H3 = ho(3o ; a;56 = ai ; cJq^ = 02 ; uj^^ = as . (2.31) 

If H3 ~ ckq, the 2- form would depend on one the x\ If H3 ~ Pi, one can still apply 
Buscher rules but they lead to more complicated geometries [19]. In [16] it was proposed 
that T-duality of the most general NS flux will lead to metric as well as to non-geometric 
fluxes. This will be the subject of next section. 

In the IIB orientifold at hand there cannot be metric fluxes because the orientifold 
involution does not allow any even parameters cu^j^. 

The NS and RR 3-form fluxes induce the well-known superpotential [2] 

yV^ f (F3 - iSHs) A n . (2.32) 

Substituting the fluxes we obtain 

3 

W = eo + i^eiUi- qiU2U3- q2UiU3- qsUiU2 + imUiU2U3 
1=1 

3 

+ S[iho - J2 ^i^i + i^iWs + iaaC/iC/a + iogC/iC/a - hoUiU2U3\ . (2.33) 

i=l 

To go to type IIA we just exchange Ui ^ Comparing with (2.21) clearly shows that 
the two superpotentials do not match. This hints at missing fluxes both in IIA and IIB. 
In the next section we will see that after including the non-geometric fluxes proposed in 
[16] the two superpotentials will be exact T-duals. 

In this orientifold there is a C4 tadpole induced by the fluxes. We know that it arises 
from the action term [37] 

C4 A 7^3 A . (2.34) 



'M4XT6 

There are also contributions from 03-planes and a stack of A^ds D3-branes. Substituting 
the fluxes and including the sources we obtain the tadpole cancellation condition 

A^D3 + ]^[mhQ - eJiQ + ^(gia^ + eiCii)] = 16 . (2.35) 

i 
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Upon T-duality this agrees with the C7 tadpole (2.24). We also expect Cg tadpoles 

to match (2.25) but they cannot be induced by RR and NS fluxes alone, clearly some 
terms are missing. This is another indication that non-geometric fluxes are required by 
T-duality. 

3 T-duality and non-geometric fluxes 

There are two types of non-geometric fluxes introduced in [16], the tensors Qp'^ and 
j^MNP ^^^^ completely antisymmetric in the upper indices. The Q's are odd under 
the orientifold involution, while the it!'s are even. Recall that Hmnp is odd and uf^p is 
even. Now, the crucial property is that all these fluxes are related by T-duality according 
to the chain 

— rlMNP^ ^ ^NP ^ Vp ^ ~ -n- ■ l^J-tj 

We have introduced some extra signs in order to agree with the conventions used in [8]. 
For example, we have seen that Hi^q = —ai transforms under Ti-duality into luIq = ai. 

In IIB with 03-planes there are neither metric fluxes nor non-geometric fluxes of type 
R because there are no such tensors even under the orientifold involution. There are 
only odd non-geometric fluxes, denoted Qp^ , that comprise twenty-four free parameters 
taking each index in a different sub-torus. There are also odd NS fluxes H. 

In IIA with 06-planes there are non-geometric fluxes Q and R, as well as NS H 
and metric fluxes uj. It is also interesting to consider IIB with 09-planes in which the 
orientifold involution is the identity. In this case there can only be even fluxes denoted u) 
and R. 

Using the rule (3.1) and starting with the NS and metric fluxes in the IIA side we 
can perform a chain of Ti, T2 and T3 dualities, i.e. mirror symmetry, to obtain the 
corresponding fluxes in IIB. For example, under mirror symmetry, Hij^ ~Q!'c 1 ^jk ~^ 
Qj^, and so on. The results are summarized in table 2. Notice that the indices are 
ordered cychcally according to the sub-torus to which they belong. The IIB/09 fluxes 
are obtained from IIB/03 by performing six T-dualities, Ti, • • • ,T6, or obviously from 
IIA/06 by applying only T4, T5, Tq. 
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IIB/03 



23 



Qf 



Qf 



Qf ^ 



Qf -Qf 



Qf 



26 



Qf -Qf 



Qf 

-Qf 
Qf 



Qf 



Qf 



-Qf 



Qf 



Qf ^ 



Qf 



Qf Qf -Qf 



IIA/06 



-\H. 



'423 



_ ,1 
"^23 



H 



153 



^53 



H 



126 



^26 



'^34 ~'^31 "^61 



^156 ^426 ^453 



^ -Of Qf Qf ^ 



Qf 
Qf 



-Qf Qf 



Qf -Qf j 



IIB/09 



^^23 



■'23 



^^31 



■^34 



^^12 



■^42 



31 



15 



^^26 



Wgi — W 



12 / 



56 



56 



64 



■'61 



26 



1^53 



64 



45 



■'15 



'^42 



1^34 -<^45 j 



flux 

- \ hi /i2 h'- 

^ h h h \ 

On Ol2 Ol3 

^21 ^'22 ^23 

&31 bs2 &33 

^ 6ii 6i2 6i3 ^ 

&21 ''22 &23 

&31 ^32 &33 



Table 2: Non-geometric IIB/03 fluxes and their T-duals. 



So far we have accounted for twelve non-geometric IIB/03 fluxes, those related to 
the IIA/06 backgrounds hi (NS) and hij (metric). The IIB/03 orientifold projection still 
allows another twelve components for Q, denoted hi and 6.^ as shown in table 2. Applying 
T-dualities we then obtain the corresponding fluxes in IIA/06 and IIB/09. These results 
are also displayed in table 2. 

Finally, applying T-duality to the IIB / 03 NS fluxes reveals some non-geometric fluxes 
in IIA/06 and IIB/09. For example, acting with the chain of Ti, T2 and T3 dualities 



gives 7t:i23 ^ R''% ^423 



Qf, etc.. We have already seen that the Tiibc are T-dual to 



IIA metric fluxes. These results are collected in table 3. We now have a complete exphcit 
dictionary to translate from one orientifold to another. 

The next task is to determine the superpotential and tadpoles induced by the non- 
geometric fluxes. In sections 3.1 and 3.2 we consider type IIB with 03-planes and type IIA 
with 06-planes to some extent. We will give explicit expressions for the superpotentials 
as integrals involving the flux tensors and the complexified forms that encode the moduli. 
Tadpoles of RR Cp forms are written in terms of the flux combinations that couple to 
them. The IIB orientifold with 09-planes will be briefly surveyed. The NS, metric and 
non-geometric fluxes are expected to satisfy Bianchi identities that generalize (2.14) and 
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IIB/03 IIA/06 IIB/09 flux 



'^123 




^i2c. 


/lO 


W423 


-Qf 




-ai 


W153 


-Ql 


^lt)3 


-02 


'^126 


-Qf 


_R126 


-as 


'^156 






-ai 


W426 


-^64 


^426 


-a2 


W453 


-'^45 


^453 


-(13 


"^456 


-^456 


JJ456 





Table 3: NS IIB/03 fluxes and their T-duals. 

(2.18). This type of constraints will be derived in section 3.4. 

With the T-dual superpotential available, the next step is to analyze the moduli 
potential. In section 3.5 we will discuss some classes of vacua and compare with previous 
results. 

3.1 T-dual superpotential and tadpoles in IIB with 03-planes 

We want to determine the superpotential and tadpoles induced by the Q fluxes. An 
useful result is that we can contract a p-form X with Q to obtain a (p — l)-form QX with 
components 

(Q'^jiMi-Mp-a = -jQ,\L ''^M^-M^_.^\AB ■ (3.2) 

This is analogous to the contraction with lo defined in (2.15). 

Observing the IIA result (2.21) it is clear that the Q fluxes must induce new terms 
linear in the Tj and up to cubic order in the t/j. Such terms can be generated by adding to 
W a piece J QJ'c Ail, where Jc is the 4-form that encodes the Kahler moduli, c.f. (2.27), 
and QJc is a 3-form according to (3.2). The complete IIB superpotential is then 

W= / (^3 - «^^3 + QJc) A Q . (3.3) 
7t6 
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Substituting the fluxes yields 

3 
i=l 

3 

+ S[iho - aiUi + + ^02^/1^/3 + ia3t^i^2 - hoUiU2U3] (3.4) 

i=l 

3 3 

+ ^ T,[ - i/li - ^ UJbJ^ + iU2U3bu + iUiUshi + iUiU2hi + UiU2Ushi] . 
i=l 0=1 

The Q-induced terms are in the last row. 

The general superpotential agrees with the proposal of [16] if we assume a symmetry 
under exchange of the three sub-tori. This amounts to setting Tj = T and Ui — U together 
with the choice of fluxes 

Cj = e ; qi = q ; = a ; Oj = a ; hi = h ; hi = hi ; 

bij ^h{i^ j) ; bii = 13 ; hj = h {i^ j) ; bu = P . (3.5) 

We have also taken bij — bji and bij — bji. The superpotential then reduces to 

W = eo + SieU -3qU^ + imU^ 

+ S[iho - 3aU + 3iaU^ - hoU^] (3.6) 

+ 3T[-ih- (2b + (3)U + i(2b + P)U^ + hU^] . 

The fluxes that enter in the superpotential must satisfy some tadpole cancellation condi- 
tions and Bianchi constraints that will be examined in the next sections. 

In this orientifold there is a C4 tadpole already discussed in section 2.3. We also expect 
Cg tadpoles that can receive contributions from D7-branes and 07-pIancs. The flux piece 
must be a 2-form suitable to wedge with Cg. A natural candidate is where the 

2-form is computed according to (3.2). The proposal for the Cg tadpole is just 

- / CsAQTs. (3.7) 

JAf4XT<3 

The minus sign in front is needed to match the known IIA results when only NS and 
metric fluxes are present. There are three different tadpoles according to the components 
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of Cg that can couple to D7i-branes. As usual, a D7j-brane is transverse to T? while 
wrapping and i ^ j ^ k. For example, the flux contribution to the D7i tadpole 
comes from 

(Q^3)i4 = -mhi + eohi + ^(gi^a + eibn) . (3.8) 

i 

Taking into account a number A^dTj of D7j-branes, and the flux tadpoles arising from 
(3.7), gives the cancellation conditions 

+ ]^[mhi - Cohi - "^{qjbji + Cjlji)] = . (3.9) 
j 

We have not included 07-planes, absent in a setup without Z2 x Z2 orbifolding. A new 
interesting feature is the dependence of the tadpoles on all RR fluxes. 

3.2 T-dual superpotential and tadpoles in IIA with 06-planes 

In this case there are non-geometric Q and R fluxes. As in (3.2), we can contract Q with 
a p-form X to obtain a (p — l)-form QX. Analogously, contracting with it! we obtain a 
{p ~ 3)-form with components 

{RX)mi-Mp-3 = qR'^^'^ X[Mi-Mp-3]ABC ■ (3.10) 

For example, the 3-form RFe contributes to C7 tadpoles. 

The Q and R fluxes are expected to induce superpotential terms quadratic and cubic 
in the IIA Kahler moduli. There are appropriate 2 and 3-forms that encode the required 
combination of the Tj, namely 

JP = lJc/\Jc= -T2% ^1 - T1T3 ^2 - T1T2 ^3 

) = i Je AJcAJc^ -iTiT2Ts aoAPo- (3.11) 
Then, the IIA superpotential T-dual to (3.3) can be written as 

f [e'^ A Frr + n,A (Hs + uJ, + Q + Rjf^)\ . (3.12) 
Substituting the fluxes precisely reproduces (3.4) upon exchanging Tj <-> C/j. 



15 



The idea behind the general formula for W is to wedge Qc with all available 3-forms. 

An analogous reasoning suggests that the C7 tadpoles due to all fluxes follow from 

/ C7 A i-HsFo + UJF2 - QF4 + RFq) . (3.13) 

The signs have been chosen to match results in type IIB. Including tadpoles due to 06- 
planes and stacks of intersecting D6-branes leads to the general cancellation conditions 

Naulnlnl + ^[mho - cqJio + ^(giOj + 6^0^)] = 16 , 

a i 

^ Naulmlml + ^[mhi - eohi - "^{qiba + eibii)] = 0, 

a i 

J2 Namlnlml + ^[m/i2 - eji2 - Y^{qA2 + 6^5^2)1 = , (3.14) 

a i 

^ NaTnlmlnl + ^[m/ig - Coh - ^{qAa + eiba)] = . 

a i 

These agree with (2.35) and (3.9). 

3.3 T-dual superpotential and tadpoles in IIB with 09-planes 

In this case the orientifold action is only Qp. Since the orientifold involution is the identity 
only even fluxes are aUowed. There are eight RR Flmn, twenty-four metric u^mn^ 
eight non-geometric R^^^. The components are displayed in tables 1, 2 and 3. 

The superpotential can be derived from IIB/03 results by implementing T-duahties 
in each of the six internal coordinates. The moduli then transform as 5" -^^ 5", Tj -^-^ Tj, 
but Ui l/Ui- The Kahler potential transforms as 

K ^ K + \og\UiU2U3\'' . (3.15) 

Invariance of the Kahler function, Q — K + log | Wp, then requires 

where we have chosen a convenient phase. Therefore, in terms of IIB/09 moduh, 

3 

Wo9 = m + iJ2(liUi + eiU2U3 + e2UiU3 + e3UiU2-ieoUiU2U3 
1=1 
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+ S[iho + '^aiUi + iaiU2U3 + ia2UiU3 + ia3UiU2 + hoUiUiUs] (3.17) 

i=l 

3 3 

+ J] Ti[ - ihi + J2 hUj + ibiiU2U3 + ib2iUiU3 + ihiUiU2 - hiUiU2U3] . 
i=l j=l 

In absence of metric uj and non-geometric R fluxes Wqq depends only on the complex 
structure moduli. Linear terms in Tj and S are induced by uj and R respectively. 

Now there are 09-planes and we can add D9-branes. We then anticipate that fluxes 
contribute to a Cio tadpole. Indeed, there is a candidate tadpole term 

Cio A RF3 , (3.18) 

Af4XTf* 

where RF3 is a 0-form according to (3.10). Substituting the fluxes and including sources 
gives 

-^D9 + ^[mho - eoho + ^(gjOj + ejOj)] = 16 . (3.19) 

i 

To match the IIB/03 results there must also be Cq tadpoles. With the available fluxes 
we can indeed have a term 

/ Ce A wFg , (3.20) 

where (JJF3 is a 4-form according to (2.15). We can also add DSj-branes that wrap T|. 
We then find cancellation conditions 

N-D5i + ^[iT^hi - eohi - "^{qjbji + ejlji)] = . (3.21) 

3 

We have not included 05-planes. 

3.4 Constraints on NS, metric and non-geometric fluxes 

We saw in chapter 2 that the geometric fluxes co^p are subject to the Bianchi identities 
in eq.(2.14). To find the analogous constraints for non-geometric fluxes we will follow 
the approach of [16], see also [25]. The strategy is to extend the algebra of isometry 
generators Zm to include generators X'^, M — 1, - ■ ■ ,6. The X'^ are associated to gauge 
symmetries arising from reduction of the S-field on T^ with fluxes [12]. The extended 
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algebra has the NS, metric and non-geometric fluxes as structure constants. The most 
general algebra is then 

[Zm,Zn] — —H MNpX^ + LO^^Zp , 

[Zm, X^] — —Lo^pfX^ + Q^Zr , (3.22) 

= Q'^^'X^ -R^^'^Zp . 

The Jacobi identities of the algebra give constraints on the fluxes^ . 

The proposed algebra actually applies to any of the II A or IIB orientifolds, provided 
that all fluxes allowed by the orientifold action are kept in each case. In fact, using (3.1) 
and 

Zm^X"^ , (3.23) 

wc sec that the algebra is invariant under TM-duality. Written in terms of the various 
tensors, the Jacobi identities take a different form in each case. However, in terms of the 
individual flux parameters that appear in the T-dual superpotential there is just one set 
of constraints valid on all orientifolds. 

It is convenient to work with the IIB with 03-planes in which only NS H. and non- 
geometric Q fluxes appear. The ZZZ Jacobi identity leads to 

QflnMN]p = . (3.24) 
Substituting the fluxes in tables 2 and 3 then yields 



hohj + aibij + cijhjj 


— dkbkj 


= 0, 


(3.25) 


hohj + Qibij + Qjbjj 


— o,kbkj 


= 0, 


(3.26) 


hobkj + o^ibjj + ajbij 


— akhj 


= 0, 


(3.27) 


hobkj + ciibjj + ttjbij 


— (ikhj 


= . 


(3.28) 



In all cases i ^ j ^k. The XXX Jacobi identity simply gives 

^In contrast to the algebras considered in [13], here there are always six Zm and six X'^ generators, 
as required to account for all fluxes. 
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In terms of the explicit fluxes 

—biihjk + hkihk + hihkk — bjibik — , (3.30) 

~biibjk + bkihk + hibkk ~ bjibik = , (3.31) 

-biibij + bjibjj + hihj - bkihj = , (3.32) 

biibij - bjibjj + hihj - bkihj = . (3.33) 

In all cases i ^ j k. There are no further constraints from other Jacobi identities. 
With the isotropic fluxes given in (3.5) the constraints read 

hoh + a{b + P)-ab = , (3.34) 

hoh + a{b + p)-ab = , (3.35) 

hob + d{b + P) - ah = 0, (3.36) 

hob + a{b + P)-ah = , (3.37) 

h(b + P)-b(b + (3) = , (3.38) 

h{b + (3)-b{b + p) = 0, (3.39) 

hh-bb = . (3.40) 

Some classes of solutions are: 

1. h = h = b = i3 = b = i3 = Q{Q = Q) ; a,a,ho,ho {H 0) . (3.41) 

2. a = a = ho = ho = Q {n = Q) ; hh = bb ; h{b + (3) = b{b + (3) . (3.42) 

3. a = a = h = h = b = b = ; ho,ho,(3,f3^0. (3.43) 

4. /? = -6 ; P = -b ; hh = bb ; hoh = ab ; hoh = ab . (3.44) 

3.5 Some vacua with T-dual fluxes 

In this section we work in the IIA/06 setup for ease of comparison with results of [8]. 
Our purpose is to see the effect of the new non-geometric fluxes in some simple examples. 
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We focus on no-scale type of superpotentials depending only on four moduli. In this case 
the scalar potential is positive definite and is minimized with respect to all fields when 
the four covariant derivatives of W vanish. 

To be concrete we consider the moduli S, Ui, T2 and T^. Turning on all fluxes visible 
to these fields gives the generic superpotential 

ly = Co + ^62^2 + ieaTa - giT2T3 + S[iho - 02^2 - a^T^ + iaiT2T3] 

- Ui [ihi + 621T2 + 631T3 - «6iiT2T3] . (3.45) 

It is easily proven that the set of fluxes in W satisfles the Bianchi identities of the previous 
section. Moreover, these fluxes do not contribute to tadpoles. 

When one of the non-geometric flux parameters is zero we can map W to one of the 
cases studied in [8]. For instance, when ai = 0, redeflning C/i — > Ti, and relabeUing fluxes 
appropriately, brings us to the NS-3 example of [8]. If 02 = 03 = 0, we can compare with 
the simpler NS-1 model. In this case we conclude that there are minima only if ho 7^ 0, 
611 7^ and furthermore 

hihi = 631621 ; 62611 = -51621 ; 63611 = -^1631 . (3.46) 

We also flnd that axions are flxed but the real parts of moduli remain undetermined except 
for a relation hoReS = 6iiRe[/iReT2ReT3. The situation with 611 = also corresponds 
to the NS-3 example [8]. It is only when ai 7^ and 611 7^ 0, so that both cubic terms are 
present in W, that we can have a different kind of no-scale model. 

We have analyzed the case with both non-geometric fluxes turned on to some extent. 
To simplify we choose Oj = a, bn — b and = e, which allows vacua with T2 — — T. 
Some generic results can be extracted. For instance, 

alva.S -\-blva.U — —q, 
{a + almT)ReS = (6 + 6ImT) Ret/ , (3.47) 

where we have dropped subindices. There are more equations to be solved. In general 
only the ratio of Re S and Re U is fixed. When ab 7^ 6a, the fiuxes generically determine 
all axions as well as ReT. When ab — ba, and ea — —qa by consistency, there are 
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two types of solutions. In one type, with hq ^ —eb, all axions are determined, in fact 
ImT = —a/ a, and (RcT)'^ is completely fixed in terms of fluxes alone. In the other type, 
with fluxes further satisfying he = —Cob and hob = —ha, all axions are undetermined 
and (ReT)^ can only be given in terms of ImT. For instance by choosing the fluxes 
a — a — b — b — ho — Co — e — —q — 2 and h — we find the solution 

ImS = -ImT =1 ; ImU = ; ReT = 2^ ; ReU = V2ReS . (3.48) 

Taking larger fiuxes it should be possible to obtain larger Re T. 

To summarize, adding non-geometric backgrounds leads to new no-scale vacua, in- 
equivalent to those with only RR, NS and metric fiuxes. However, the examples that 
we have examined have qualitative properties analogous to the vacua analyzed in [8]. In 
section 5 we will briefly consider Minkowski vacua in presence of non-geometric fluxes. 



4 IIB S-duality and fluxes 

We know that type IIB string theory is S-duality invariant. Upon the orientifold compact- 
iflcation here considered we still expect the theory to reflect this underlying invariance. 
In fact, in the absence of non-geometric fluxes, when only Hs and J^s are present, the 
theory is explicitly S-duality invariant because these fluxes transform appropriately. On 
the other hand, once we have added non-geometric fluxes Q the theory does not respect 
S-duality. We will see in this chapter that S-duality invariance requires the presence of 
extra flux degrees of freedom V. 

We want to implement invariance under the SL{2, Z) S-duality transformations 

— ; kn-£m=l ; k, i, m, n e Z . (4.1) 

The factors of i are needed since in our conventions Re 5" = l/g's- The Kahler potential, 
K — — log{S + S*) H , transforms as 

K ^ K + \og\imS + n\'^ . (4.2) 

Thus, the Kahler function, Q — K + log|W|^, is invariant provided the superpotential 

verifies 

W ^ . ' . (4.3) 
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With only NS and RR fluxes turned on this follows simply because under S-duality the 

NS and RR 3-forms transform as 



(4.4) 



In particular, when 5* — > 1/5", JF3 — > —7-^3 and 7^3 JF3. 

The question is now how to maintain S-duality after including the non-geometric fluxes 
Q. To obtain a full S-dual superpotential we simply propose to add a new set of fluxes, 
denoted V, with the same tensor structure and number of components as Q. Concretely, 
we conjecture that the superpotential is given by 



W = / [(-^3 - iSHs) + (Q - iSV)Jc] A Q . 
The action will be invariant as long as Q and V fluxes transform as 



(4.5) 





(4.6) 



In particular, when S 1/S, one has Q — > —V and P — > Q. 

The new objects are some sort of RR non-geometric fluxes. For the components 
we use the notation 



p23 \ 

12 



V / 

together with 



V J 



-n 
'I 



VP -Pf pl5 



p61 _pl2 



3 / 



p64 



-fl 
-h 



( 



>56 -06I T>15 \ 
2 ^3 



_'p64 •p42 
,53 p34 _p45 ^ 



^11 5'i2 S-ia ^ 

5'21 5'22 9'23 
\ 9'31 5'32 5'33 y 



^ gu 9l2 9l3 ^ 



(4.7) 



921 922 923 
\ 931 932 933 J 



-Vf 

p26 

The superpotential generated by the V fluxes alone is 

33 3 3 

= -SJ2f^T^ + ^SJ2Uj9j^T^ + SU2U^Y,9liT^ + SU^U^J^-g2iTi 



(4.8) 



i=l 



i=l 



i=l 



+ SUiU2j293iTi-iSU,U2U3Y,fiTi 



(4.9) 



i=l 



i=l 
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We thus see that we get new superpotential couphngs which are Hnear in S and Tj and 
up to cubic order in the Ui. The V fluxes will also give rise to modiflcations to tadpole 
conditions and to Jacobi constraints involving these new fluxes. We now discuss these 
issues in turn. 

4.1 S-dual tadpoles 

The C4 tadpole term (2.34) is S-duality invariant because C4 is invariant whereas ^3 and 
H3 transform as in (4.4). On the contrary, the Cg tadpole (3.7) is not S-duahty invariant, 
as one can easily check. In fact this is expected from the known fact [27, 28, 29] that 
the Cs RR-form is one component in a SL{2,Z) triplet of 8-forms, {Cs,Cs,C'g). Under 
S —>■ 1/S they transform as 



Cs - 


-Cs, 




Cs - 


—Cs , 


(4.10) 


C' - 


-c' 





There is a constraint among the fleld strengths of these 8-forms so that there are only 
two propagating degrees of freedom. These three forms may be sourced by three types 
of 7-branes, D7-branes, NS7-branes and certain other 7-branes called 17 in [30]. In our 
factorized torus each of them will come in three varieties, D7i, NS7j and I7j, with i — 
1, 2, 3, labelling one of the three tori transverse to the brane. Starting from eq.(3.7) and 
imposing SL[2, Z)^ invariance of the action one arrives at 

[ -CsAQ^s + CsA VHs + C'sA {QHs + VT^) . (4.11) 

Just like QT^, here VHz, QHz and VJ-^ are 2-forms computed as in (3.2). For example, 

{QH)lM — \QfL^M]AB- 

The first two terms in eq. (4.11) give rise to tadpoles of D7i-branes and their S-dual 
NS7i-branes. Looking at components we obtain the cancellation conditions 

-Nli7^ + ]^[mhi- eQhi-^{qjhji + ejbji)] = 0, (4.12) 

3 

-Nns7i + ]^[h(ifi-hQfi-^{ajgji- ajQji)] = 0. (4.13) 

3 
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Concerning the third term, one observes that the flux combinations couphng to Cg do not 

have RR character. In fact they arc rather related to NS Bianchi identities. In particular, 
in section 3.4 we found that Qfj^li.MN]B = 0. It is easy to show that for our class of fluxes 
this then implies QHz — 0. We discuss further this issue in the next section. 



4.2 S-dual Bianchi constraints 

In section 3.4 we discussed the Bianchi identities leading to constraints on the Tiz and 
Q fluxes. By S-duality we expect constraints on the RR fluxes ^3 and the new fluxes 
V. To begin we consider the identity (3.29). To achieve closure under SL{2, Z)s we flnd 
that the condition Q^^^ = 0, schematically Q ■ Q = 0, remains valid and that there 
are actually two new constraints. The point is that Q • Q is a component in a triplet 
of SL{2,Z)s. Acting with S — > 1/S we flnd that another component is V • V, with 
corresponding Bianchi identity given by 

Finally, applying a translation S ^ {S + i) shows that the third triplet component is 
{Q-V + V- Q). Thus, there is also a constraint 

Q^rrT + r^^'^QT-o. (4.15) 

Notice that the left hand side has net RR charge so that it is potentially related to 
tadpoles. However, given the tensor structure, it is not clear how it could couple to the 
known RR forms. In absence of sources we are led to enforce the equality to zero. 
In components, eq. (4.14) breaks into {i 7^ j 7^ k) 

-gugjk + Qkifk + fiQkk - QjiQik = , (4.16) 

-gugjk + gkifk + figkk - gjiOik = o, (4.17) 
-gugij + gjigjj + fjj - gnghj = o , (4.18) 
gugij - gjigjj + fJj - gugki = o . (4.19) 

These are completely analogous to the conditions following from ^p^Q^^ = 0, given in 
eqs. (3.30)- (3.33). In the particular case in which one imposes a symmetry under exchange 

24 



of the three sub-tori one has 

fi-f ; fi-f; (4.20) 

9ij = 9 {i^ j) ; 9ii = l ; 9x3 =9{i^3) ; 9ii = l ■ 

We have further assumed gij — gji and gij — gji. In this case we find the simphfied set of 
conditions 

f{9 + l)-9{9 + l) = 0, (4.21) 

f{9 + l)-9{g + l) = 0, (4.22) 

ff-99 = 0. (4.23) 

A simple solution isf — f — g — g — 0, but 7,7 7^ 0. Another solution is 7 = —g, 
7 = and / = gg/f. 

Concerning eq. (4.15), it gives rise to the four additional constraints {i j k) 



bkk9kj 


~ hkfj 


~ bjk9jj + bikgij + gkkbkj 


~ fkhj 


gjkbjj 


+ gikbij 


= 0, 


(4.24) 


bkk9ij 


- hkgjj 


— bjkfj + bikgkj + Qkkbij 


- fkbjj 


- gjkhj 


+ gikbkj 


- 0, 


(4.25) 


bkk9ij 


— hkgjj 


— bjkfj + bikgkj + gkkbij 


- fkbjj 


— gjkhj 


+ gikbkj 


= 0, 


(4.26) 


bkk9kj 


~ hkfj 


~ bjkgjj + bikgij + gkkbkj 


— fkhj 


~ gjkbjj 


+ gikbij 


= . 


(4.27) 



For isotropic fluxes (3.5) and (4.20) they reduce to 

bg + gb-hf-fh = 0, (4.28) 

g{b + p)-h{g + ^)-f{b + P)+b{g + ^) = 0, (4.29) 

g{b + P)-h{g + ^)-f{b + P) + b{g + ^) = 0. (4.30) 

The simple solution f = f = g = g = also works, supplemented with 67 = /17 and 
bg = ^7. 

Let us now discuss the modifications to the identity eq. (3.24). In this case we can 
construct the fully SL{2,Z)s invariant condition 

Q[l'^mn]p — 'P^Tmn]p — . (4-31) 
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Substituting the flux components leads to {i ^ j ^ k) 

hohj + Qibij + Qjbjj - ttkhj + mfj - QiQij - qjgjj - ekQkj = , (4.32) 

hohj + aj)ij + ajbjj - auhuj - e^Jj - CiQij - CjQjj - quQuj = , (4.33) 

hohkj + aibjj + ajbij - ajij + mguj - qiQjj - qjgij - Ckfj = , (4.34) 

hobkj + ttibjj + ajbij - Ukhj - eoQkj - eiQjj - e^g^j - q^fj = . (4.35) 

With the simple isotropic fluxes these constraints read 

hQh + a{b + l3)-ab + mf -q{g + -i)-eg = 0, (4.36) 

hoh + a{b + p)-ab-eof-e{g + ^)-qg = 0, (4.37) 

hob + a(b + P) - ah + mg - q{g + ^) - ef = , (4.38) 

hob + a{b + (5) - ah- eog -e{g + -f)-qf = . (4.39) 

We will discuss some solutions in section 5. 



The combination {Q ■ Ha — V ■ Tz) appearing in the identity (4.31) is an SL{2,Z)s 
singlet. Now, with the doublets {Q,V) and {^3,0.3} we can also form a triplet which is 

rather related to tadpoles of RR 8-forms as we saw in the previous section. In particular, 
concerning the Cg flux tadpole in eq. (4.11), we see that in general it does not cancel 
because neither Q ■ Tis nor V ■ J- 3 has to vanish separately. In fact, starting with the 
tadpole term of Cg we obtain the cancellation condition 

+ \ h/i - mfi + ^{qjgji + ej-gji)] = , (4.40) 
i 

where we have taken into account the constraints following from (4.31). 

Unlike the situation with only NS, RR and geometric fluxes, we do not have at the mo- 
ment a prescription, e.g. by doing generalized dimensional reduction of a 10-dimensional 
theory, to obtain the S-dual equivalent of the Bianchi identities. We have thus used as a 
guide the duality transformations. It would nevertheless be very interesting to have meth- 
ods different from duality arguments in order to obtain the complete set of constraints. 
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5 J\f=l Minkowski minima with moduli fixed 



In this section we intend to start analyzing the landscape of vacua of the moduli potential 
when S-dual fluxes are turned on. The essential new feature in the superpotential will 
be the presence of terms (in type IIB langauge) of the form STiP{Uj), with P{Uj) a 
cubic polynomial with integer flux coefficients. The complete superpotential is the sum 
of eqs. (3.4) and (4.9). To study generic supersymmetric and non-supersymmetric vacua 
of the ensuing moduli potential is beyond the scope of this work. As a first step towards 
exploring the effect of S-dual fiuxes we will only look here for supersymmetric Minkowski 
solutions in which the potential attains a minimum when the superpotential and its partial 
derivatives vanish. 

We will work in IIB/03 and restrict to the case with Ti — T,Ui — U and fiuxes given 
by (3.5) and (4.20). The superpotential then simplifies to 

W = eo + SieU -3qU^ + imU^ 

+ S[iho - 3aU + 3iaU^ - hoU^] (5.1) 

+ 3T[-ih- {2b + (3)U + i{2b + p)U^ + hU^] 

+ 3ST[ -f + i{2g + 7)C/ + {2g + ^)U'' - ifU^] . 

In this isotropic case the tadpole cancellation conditions become 

Nb3 + ^ [mho - eo^o + 3qa + 3ea] = 16 , 

-7Vd7 + \{mh- eoh - q{2h + (5) - e{2h + ^)] = , (5.2) 

-A^NS7 + ^[/io/-/io/-a(25 + 7)+a(2^ + 7)] = 0. 

iVi7 + ^[eo/-m/ + g(2^ + 7)+e(2^ + 7)] = 0. 

The fiuxes must further satisfy the constraints derived in sections 3.4 and 4.2. 
It is helpful to make a change of variables 

U ^-ip ; S^-ia ; T ^ -ir . (5.3) 
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The superpotential (5.1) then becomes 

W ^ Ei + (7E2 + tE^ + (7TEi , 



(5.4) 



where the Ei are cubic polynomials in p given by 

El — eo + Sep + 3qp^ — mp^ , 

E2 — /io + 3ap — 3ap^ — h^p^ , (5.5) 
= 3[-/i + (26 + /3)p- (26 + ;3)p2 + /ip3] ^ 

E, = 3[/-(25 + 7)p+(25 + 7)p2_/p3] . 

The advantage is that now all coefficients are real, in fact integers. 
The problem is to find solutions of 

dW dyV dW , , 

To begin, let us review the known situation in which there are neither Q nor V fluxes [38] . 
In this case £'3 = £^4 = and W does not depend on r. From dW/da — and W = 
we find E-i — E2 — 0. The remaining equation dW/dp — gives a — —E'^/E'^ (where 
prime denotes derivative with respect to p). The task is to determine whether Ei — Q 

and £'2 = have a common root p = po with po necessarily complex (so that KeU 7^ at 
the minimum). Now, pg must also be a root because the E^ have real coefficients. Thus, 
the Ei must factorize as [38] 

Ei^ip- Po)(p - Po){fiiP + T^i) (5.7) 

with Pi and z/j some coefficients that depend on the fluxes. In [38] it is shown that there 
are fluxes that allow such a factorization and moreover lead to Re 5" > 0. These fluxes 
contribute to the C4 tadpole as D3-branes. 

In a similar spirit we can consider the case 7^3 = and = in which E2 — E4 — 
and W does not depend on a. Now Ei and £3 must factorize as in (5.7). For Ei this poses 
no problem because the fluxes Cq, e, q and m are unconstrained when V = 0. However, for 
the coefficients of E3 we have the Bianchi conditions (3.42). These can be satisfied taking 
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for example h — 0,b = and /3 — —b. To simplify we also take ^ = 0. Then, po = i\/b/h 
which requires hb > 0. Imposing that Ei has the same root gives the conditions CqJi = 3qb 
and meo = —9eq which can be satisfied with m = e = 0. It is also instructive to compute 
T = —E[/E'^. We find r = qpo/b- Then ReT > requires qb > and this implies that 
the Cg tadpole is negative (same sign as for a D7-brane). 

To continue the systematic analysis we can set only the P-fluxes to zero so that £^4 = 0. 
Now minimization with W = requires Ei = E2 = E^ = 0. Moreover, the coefficients of 
E2 and E3 must verify Bianchi constraints. Fulfilling the constraints by using the solution 
(3.43) leads to £^3 without complex roots. Taking instead the constraint solution (3.44) we 
find that £'3 could have a complex root only if hga > 0, but it cannot be a simultaneous 
root of E2. The interesting conclusion is that to fix all moduli in a supersymmetric 
Minkowski minimum, within our class of solutions of Bianchi constraints, we have to go 
beyond metric and non-geometric fiuxes. 

We now come to the generic situation with all fiuxes turned on. Prom dW/da — 
and dW/dr = we find 

Eo E-i 
r=-^ ; ^ = -T^- (5-8) 

Substituting in W = and dW /dp — then gives 

E = E1E4 - E2E3 = ; £' = . (5.9) 

Thus, this E must have a double root po, necessarily complex. We also know that E has 
real coefficients and is generically of order six in p. Hence, it can be written as 

E = 3{p- pof{p - p*of{ap' + 6p + e) , (5.10) 

where a, 5, e and po depend on the fiuxes. 

To proceed further we will implement specific solutions for the Bianchi identities de- 
rived in section 4.2. We consider different cases according to how we solve the constraints 
on V and Q fluxes alone. These cases are shown in table 4, where we have also displayed 
the solution to the constraint involving the and Tis fluxes. 

Within our class of solutions the polynomials £3 and E4 always take a simpler form. 
For example, in case 1 they are given by 

E, = ^{bp' + h){bp - h) ; E,^^^{bp-h). (5.11) 
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Case 


V-V = 


Q- S = 


Q-V + V-Q = 


Q • - P • ^3 = 


1 


f=f=9=g=o 


P = -b,p=-b 
hh = bb 


67 = h'y 


hob = ej + ah 
hoh = + ab 


2 


J = -9,1 = -9 
ff = 99 


h=h=b=b=0 


fP = 9l3 


mg = ef — 0,0 

qg = a(3- eof 



Table 4: Solutions to Bianchi identities 

In each case we compute E and check if it can be factorized in the form (5.10). When this 
is possible we can determine po- Moreover, typically there will be relations among the 
fluxes. We have limited ourselves to finding some solutions. Details are presented below. 

Case 1 

We find a class of minima with fluxes satisfying the relations 



q — ; eo7 = 4a/i ; mhohj = {ej + 4:ha){e'j + ha) . 



(5.12) 



Besides, q — implies hJiQ — ab, with b given in table 4. As free parameters we can then 
take a, a, b, ho, h, 7 and e. They must be such that the remaining dependent fluxes come 
out integers as well. Furthermore, there are sign relations required for consistency. For 
example, we find 

Po = i\po\ 



hoh 



67 + ha 

This needs hoh{e^j + ha) < 0, then U = \/—hoh/{e^ + ha). 
The remaining moduli turn out to be 



(5.13) 



T = 



h[ho{2ah — ej) — 2iaU{ej + ah)] 



S'yUie'y + ah){h-ibU) 
To guarantee Re 5* > and Re T > we need 

/i7 > ; {2ab - 2dh + 67) > . 

For example, choosing 

a = -8 ; 6 = -4 ; /i = -4 ; 7 = -4 ; a = 12 ; ho ^ 8 ; e = -16 , 
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(5.14) 



(5.15) 



(5.16) 



we find that all dependent fiuxes are also even integers. The moduli are determined to be 

U ; T = ^(14^2 + lU) . (5.17) 

9 

It is also interesting to compute the tadpoles. In particular we find 

A^D3 -288 = 16 ; -A^d7 + 80 = ; -A^ns7 + 40 = ; A^iy + 32 = . (5.18) 

We observe the peculiar result that fiuxes contribute to the C4 tadpole as 03-planes 
instead of D3-branes. However, this is not generic. In other examples the C4 fiux tadpole 
comes out positive. The 8-form tadpoles can have either sign, or even cancel, depending 

on the parameters. 

Within the above class of vacua we can set e = 0, implying hob = ah. The 17 tadpole 
cancels since now q — e — 0. On the other hand, from the condition Re 5" > we conclude 
that in this case fiuxes always contribute to the C4 tadpole as D3-branes. Using also the 
condition for ReT > shows that the fiux piece in the Cg tadpole is positive (opposite 
sign as D7-branes). The flux piece in the NS7 (Cg) tadpole is also positive. In fact, the 
fiux tadpoles of Cg and Cg are both positive and proportional to Re T. To give a numerical 
example, we can take a — —ho — 2, U — 1, and 

a = -8 ; b = -2 ; h = -2 ; 7 = -2 ; S = 2 ; T^^-i. (5.19) 

It is easy to verify that the dependent fiuxes are all even integers. 

If we relax the condition 67 = hj we can find vacua with all 7-brane tadpoles zero but 
ReT 7^ 0. To cancel these tadpoles from the beginning we impose e = q = 0, together 
with mh — Cgh and aj — aj. We then find a solution provided that we also fulfill the 
relations 

ha ^ 9 , a(ah — bhnY , v 

> ; = -h^a ; m7 = ^ , , . 5.20 

ba hh^ 

As independent fiuxes we can now choose a, 6, a, h and 7. For the moduli we obtain 

U = 



T = 



'ha 
ba ' 

-ib{a + iaUY 

(a - iaUf 
3-faU ' 
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(5.21) 



To have Res' > it suffices to impose /i7 > 0. The flux contribution to the D3 tadpole is 

then positive. We can also arrange to have all fluxes to be integers while ReT is positive 
and large. However, the flux D3 tadpole will also be large. 



Case 2 

There is a type of solutions with free parameters /9, /3, cq, e, /, g and a, with remaining 
fluxes determined by 

a = ; M = 4e^ ; h,^ ^ l^^^^l^^ . (5.22) 

9 

Notice that then m = ef/g and q is given in table 4. There is a sign condition gf < 0, 
then U — —gj] ■ We further obtain 



S = 



2fU ' 



^ ^ U [2efU + t{2eJ-3aP)] 
3g {pu + i(3) 

It is easy to check that Re^* > and ReT > are positive as long as 

gP<Q ; {2eg + 3a/? - > • (5.23) 

For an illustrative example, consider the parameters 

/ = 2; /3 = 8; ^9 = 8; ^ = -2; a = 28; eo = 16; e = 96. (5.24) 

The moduli are then flxed as 

C/ = l ; S^2 ; r=^(7 + 31i). (5.25) 

For the flux-induced tadpoles we obtain 

Arj33 + 32 = 16 ; Nn + 112 = . (5.26) 

The flux contribution to Cg and Cg tadpoles is zero. 

The 17 tadpoles cancel when a = 0. Then it is simpler to show that the free parameters 
can be chosen so that all other fluxes are integers while Re 5" and ReT are large and 
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positive. The sign relations among the parameters imply that the C4, Cs and flux 
tadpoles arc positive. The latter two arc proportional to RcT. 

Similar to case 1, if wc relax the condition f/3 = gj3 we can find minima with all 
7-brane tadpoles zero but ReT 0. 

Other solutions of the Bianchi identities can be obtained by combining the building 
blocks of table 4. For example, V-V — can be fulfilled as in case 2, and Q-Q as in 
case 1. Then the solution of Q-V + P-Q = can be written as (hf — gh){hf — gh) = 0. 
Now, if hf = gb, and -E4 have a common quadratic factor and it can then be shown 
that the polynomial E cannot be factorized as needed. When hf — gh, to avoid Re 5" = 
it must be that U is necessarily complex. In this more complicated case we have not been 
able to find supersymmetric Minkowski minima. 

In summary, some differences compared to the type IIB results in ref. [38] without non- 
geometric nor S-dual fiuxes are evident. The situation now is rather more involved but 
still we have found some concrete results. For simplicity we have analyzed the case with 
isotropic fiuxes and moduh Tj — T, Ui — U. We find Minkowski J\f—1 vacua in which 
not only the dilaton and complex structure fields are fixed but also the Kahler modulus 
T is fixed. However, if we analyze the more general case with independent Tj, Ui fields, 
generically only one linear combination of the Kahler moduli Tj is fixed. This is due to 
the fact that the superpotential is only linear in the Tj and essentially only depends on a 
linear combination of these moduli. 

When S-dual backgrounds are switched on, the contribution from fiuxes to the tadpole 
of the RR C4 form can have either sign depending on the flux values. This is a surprising 
result. We know that in absence of S-dual fiuxes the C4 tadpole due to and fiuxes 
consistent with the imaginary self-dual condition needed for supersymmetry is always 
positive [37, 38]. Concerning the tadpole, if only non-geometric fiuxes are present, as 
in a toy example with W depending only on U and T, the fiux tadpole is negative (same 
sign as D7-branes). However, in presence of S-dual backgrounds the flux contribution can 
be positive (same sign as 07-planes), negative, or even vanish. An analogous result occurs 
in AdS type HA vacua with metric fiuxes in [8] . The fact that fiuxes may contribute to 
tadpoles as orientifold planes may be useful for model-building as already emphasized in 
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[8]. 

The value of the real parts of the dilaton S and the size modulus T may be made large 
by appropriately choosing the fluxes. This is in general required to maintain perturbative 
values for the couplings and the validity of the supergravity approximation. On the other 
hand, in our supersymmetric Minkowski vacua Re S and Re T cannot be made arbitrarily 
large because in general they are tied to RR tadpoles induced by the fluxes. This could be 
avoided in AdS vacua, as occurs in the II A/06 models without [7] and with metric fluxes 
[8] . We have not found non-trivial supersymmetric Minkowski vacua with full cancellation 
of RR tadpoles, although in some cases one can flnd flux combinations with vanishing 
contribution to some tadpoles. We assume that localized sources of different kinds may 
be added to the theory rendering it tadpole free, as it happened in the simpler examples 
in ref [8]. In this connection, notice that if we want to add D3 and/or D7-branes to vacua 
like these, the existence of undetermined Kahler Tj moduli may in fact be necessary, 
as emphasized elsewhere [8]. In particular, in the worldvolume of generic branes (not 
on top of orientifold planes) live U{1) groups that may have triangle anomalies in four 
dimensions. The U{1) gauge vectors become massive through a generalized Green-Schwarz 
mechanism by swallowing some linear combination of the Tj. Thus, for this mechanism 
to work, some Tj flelds should be left unflxed by the fluxes. This turns out to be related 
to the requirement of absence of Freed- Witten brane worldvolume anomahes [8] . 



6 Generalized Duality Invariant Super potentials 

In previous sections we have described fluxes present in different T-dual type II orien- 
tifolds. The closed string sector of all these theories, before the addition of fluxes, gives 
rise at low-energies to an effective J\f—A supergravity theory (or J\f—1 if we further per- 
form a Z2 X Z2 twist). We would hke to compare now to the results obtained from other 
string constructions having an analogous low-energy structure. Speciflcally, we would like 
to compare to the flux-induced superpotential in analogous heterotic compactiflcations as 
well as in certain compactiflcations of M-theory on simple twisted 7-tori [39] . 
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6.1 M-theory on a twisted 7-tori 

We consider here the G2-holonomy manifolds obtained as certain Z2 x Z2 x Z2 orbifolds 
of the 7-torus, X'j — T'''/Z2 x Z2 x Z2 [40]. We will follow the results and notation used 
in ref.[39]. One has seven complex moduh fields Mi{x), 1 — 1,...,!. They may be defined 
in terms of the complexified G2-form 

C3 + = iMi{x) ct>\y) (6.1) 

where 0^ e -^"^(^7), C3 is the M-theory 3-form and $3 = ReMi{x)(t)^{y), with ReMj{x) 
parameterizing the volume of the 7 invariant 3-cycles in X7 = T^/Z2 x Z2 x Z2. We will 
now consider the addition of metric fluxes in this toroidal model. This is a Scherk-Schwarz 
reduction which proceeds in a way analogous to that described for type IIA orientifold 
compactifications. In particular we replace the differentials dy^ , P = 1, • • • , 7, by twisted 
forms r]^ satisfying 

dri'' = -\^mnv'' a r?^ , u^j^^u^p = (6.2) 

where one also has ujpj^ — [11, 12]. Among these metric fluxes oj^^^, only twenty- 
one are invariant under the twists. In addition we consider the presence of seven 4-form 
backgrounds Qukl corresponding to fluxes of the M-theory 3-form. The presence of these 
two types of fluxes gives rise to a superpotential [41, 42, 39] 

Wr ^ \ [ {C + t^)A[g + U{C + z^)] + I f Gj (6.3) 

Here is the flux of the 3-form dual. Expanding this superpotential in terms of the 
seven moduli in type IIA notation [39] one obtains: 

Wr = 5^567891011 + i{9789ioTi + g^mioT2 + QmisTs) + (6.4) 

+ ^(5'57911'5' — 51581011^^1 — 5'67101lt^2 — 5'6891lt^3) 

+ «oTit/i + cUi«o6^2f/2 + ^68^3^3) - (a;|ioTit/2+a;|9Tit/3+a;!o5T2t/i) 
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All terms in this superpotential, except for those in the last line, may be understood in 
terms of ordinary RR and NS backgrounds in the type IIA orientifold supplemented by 
metric fluxes. Indeed, all those terms correspond to the fluxes Cq, e^, Hq, h^, qi, ai, and 
bij, described in chapter 2. The absence of a T1T2T3 term (type IIA mass parameter m) 
is expected since in the M-theory scheme considered massive IIA supergravity does not 
arise. 

The new terms appearing in the last line are interesting. The first three correspond to 
the S-dual fluxes fi introduced before in order to maintain S-duality in the IIB orientifold 
version of this model. Thus one has the interesting result that the fi fluxes introduced 
before may be understood as certain ordinary metric fluxes 

/, = u^ti ; 5,7,9 (6.5) 

in an M-theory version of the same model. On the other hand the last three terms, bilinear 
in the C/j (Tj) in the IIA (IIB) version, are new and are absent even in the extended set 
of flux-induced superpotential terms discussed in previous chapters. This suggests that 
there is an even bigger set of flux degrees of freedom to be considered. We will see now 
that the presence of new terms bilinear and cubic in the f/j's are also expected if we 
consider fluxes in the heterotic version of the same class of models. 

6.2 Heterotic fluxes 

The type IIA orientifold with 06-planes is T-dual to the type IIB orientifold with 09- 
planes, i.e. type I string theory. On the other hand we know that type I is related 
by S-duahty to the SO{32) heterotic string. Therefore, it is interesting to compare the 
induced supcrpotcntials in both theories. Flux-induced heterotic superpotcntials have 
been analyzed in [43, 44, 45, 46]. It has been argued that heterotic H-flux forces the 
internal manifold Xq to be non-Kahler with dJ ^ 0. Both effects produce a superpotential 

W^het = / ^^A(^het + dJe) (6.6) 

An example of non-Kahler manifold is the twisted torus in which dJc = ujJc, where uj are 
the metric fluxes. 
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It is interesting to evaluate Whet in the case of compactification on a factorized 
with arbitrary metric fluxes on top. The i^-flux is a generic 3-form, namely 

3 

-f^het = -eocto + mf3o - ^(g^ai + CjA) . (6.7) 

i=l 

Our choice of parameters is dictated by the fact that by S-duality -ffhet is equal to the 
RR flux, given in table 1, of IIB with 09- planes, alias type I. Moreover, the heterotic 
metric fluxes are the same as those as in IIB/09 shown in table 2. This means a;het = 
We also need to use that in the toroidal compactiflcation the heterotic complex structure 
moduli coincide with the geometric parameters, i.e. Ui = Ti. The Kahler moduli arise 
from Jc = i TjLUj. Putting all pieces together we flnd 

3 

W^het = m + iJ2(liUi + eiU2U3 + e2UiU3 + e3UiU2-ieoUiU2U3 (6.8) 

i=l 

3 3 

+ 5Z - thi + J2 hUj + tbuU2U3 + ^b2^UlU^ + thiUiU2 - hiUiU2Us] . 
i=i j=i 

Superpotentials of this kind have been recently considered in [47]. With isotropic choice 
of fluxes Whet agrees with results of [5] . 

Comparing with (3.17) shows that l^het niatches Wog except for the terms hnear in 
S that are due to non-geometric fluxes R in IIB/09. Additional ^'-dependent terms in 
Wog will appear if S-dual fluxes are included (T-dual to the V). Thus, we conjecture that 
analogous dilaton-dependent superpotential terms will emerge in the heterotic side from 
new flux degrees of freedom i?het and Phet- 

6.3 Fluxes and SL{2, Zy duality invariance 

We have just argued that dilaton-dependent terms in H^et would arise from heterotic 
fluxes i?het and Phet- Now, there are reasons to believe that this is not the whole story. In 
particular, we know that 4-dimensional compactifled heterotic strings are self-T-duality 
invariant. As a consequence, the complete Kahler function, ^ = + log | Wp, should be 
invariant under the S'L(2,Z)^ heterotic T-duality symmetries [48]. In order to be so, the 
superpotential W^et should transform appropriately. It is easy to convince oneself that 
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this demands terms quadratic and cubic in the Kahler moduh Tj in W^et ^- We already 
observed in section 6.1 that such new quadratic terms seem to be present. We now see 
that they are also required to help in restoring heterotic self-T-duality. 



Flux 


components 
induced terms 


^3 


m 




U 


eo 
1 








a.i 
SU 


ho 
S 


Q 


hi 


h 


TU 


hi 
T 


V 


h 

STU^ 


mi 
STU'^ 


9ij 
STU 


ST 


^; 


m' 








% 


K 


-< 


< 
ST^U 


K 




K 






K 


V 


f 

grj.2^3 




ST^U 


n 

ST^ 



Table 5: IIB/03 fluxes and their induced terms 

To elaborate the point, it helps to look at table 5. The upper half shows the fluxes 
that we have already encountered in IIB/03, together with the characteristic term that 
they induce. VFhet contains the monomials due to fluxes of type ^3 and Q in the table 
(upon hi <-> hi, eo <-> m, etc.). In order to realize heterotic self T-duality new fluxes of 
type jFg and Q' need to be added. Note that terms quadratic in Tj's, already manifest 
in the M-theory analysis, come from the flux h[. Similarly, self-T-duality of ^'-dependent 
terms, due to Tis and V in IIB/03, requires new fluxes Ti'^ and V. 

All these duality connections among fluxes in different dual incarnations of the same 
^Presence of such terms has also been recently pointed out in [49] . 
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theory suggest that the complete underlying theory is invariant under the SL{2,ljy 
transformations corresponding to the seven untwisted moduli in this model. The gen- 
eral flux superpotential will then be a polynomial of degree up to seven on the moduli 
Ml — {S,Ti,T2,T3,Ui,U2,Us) and at most linear on any of them. One can write this 
superpotential in the form: 

7 

Wfi^, = J2 D^h^ M,,...M,„ (6.9) 

n=0 

where the L>*^") are integer coefficients associated to generahzed fluxes^. Under SL{2, Z)x 
the modulus Mx transforms as 

Mx —r. — — ■ r- ; kxnx - ixmx = 1 ; kx, ix, mx, nx eZ . (6.10) 

[imxMx + nx) 

The toroidal Kahler potential transforms like 

K + \og\imxMx + nx\^ (6.11) 

and the complete Kahler function is invariant as long as the fluxes transform like 

kx j 

The fluxes Z^*^"^ may be viewed as symmetric tensors of n indices, with all diagonal 
components vanishing, thus with binomial coefficient (JJ independent components. Hence, 
the total number of generahzed fluxes is J^^^q (I) — 2('*2i+'iii+i). They provide the 
128 components of a representation (2, 2, 2, 2, 2, 2, 2) under 5'L(2, Z)^. As explained in the 
appendix, this in turn may be embedded into the spinorial 128 of SO{7, 7; Z). One can 
decompose the two Weyl spinors of fluxes accordingly to its SU (7) tensorial structure 

64 = 1 © 7 © 21 © 35 

64' = 1' © 7' © 21' © 35' (6.13) 

The components of each representation are then given by 

"^General supcrpotentials of this type were considered previously in [5] from the point of view of gauged 
J\f=4: supergravity. 
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Rep. 



1 

r 

21 

35' 
35 
21' 
7 
1' 



Flux Components 



eo 

ti ho hi 

Qi ai bij fi h[ 

m ai bij gij b^^ f[ e'^ 

ho hi Qij b[j g[j e[ H'q 

fi K g'ij Q'i a'i 

f'i rn' a[ 
h'o 



Note that in the M-theory setting described above, only the representations 1, 7' and 21 
appear explicitly [39]. 

In terms of component fluxes the full duality covariant superpotential may be written 

as 



Wfiux = eo-i 



3 

+ (iho-Y,fiTi-\ J2 fiTmTn-h'^T,T2T^)s 



(6.14) 



i=l 



3 ^ 

(^-ai + iY,9ijTj-^ g'iiTmTn + ia'iT^T2T^)s 



Ui 



UsUt 



+ 



[ittr + ^ QrjTj + ^ XI d'rlTmTn - arTiT2T3^ S 
j=l Ij^m^n 

qr + tJ2~^rjTj-^ J2 b'riTruTn + iq'rT^T^T^ 

j=l Ij^m^n 
3 ^ 

(ho + i^ fjTj - 2 Y IiTraTn + i/ioTiTsTs j S 

UIU2U3 



+ im + Y hjTj + 2 X] h'lT^T,, - m'TiT2T^ 

The complexity of this superpotential makes its analysis difficult, except in particular cases 
like those we have discussed in previous chapters. In any event it is clear that there are 
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many parameters which should allow for new possibilities in fixing moduli. It is important 
to remark that these 128 flux degrees of freedom are not independent. We already saw 
how Bianchi identities and RR tadpoles strongly restrict the possible fluxes in the simpler 
case with 64 degrees of freedom. In the most general case analogous constraints should 
be fulfilled. It would be interesting to have close expressions for these constraints in the 
more general case. 

Note that the above discussion does not imply that the effective action has full 
SL[2,Zy duality invariance. Indeed, generic fluxes break these symmetries. Rather, 
the above discussion shows how the presence of each particular flux explicitly breaks the 
duality symmetries. As we have seen, some of these flux degrees of freedom have a sim- 
ple interpretation as metric fluxes or explicit RR or NS backgrounds in some particular 
version (type 11 A or IIB orientifolds, heterotic, M-theory orbifold, ...) of compactified 
string theory. Some other fluxes do not admit a simple geometric interpretation and yet 
others are imphed by type IIB S-duahty and/or heterotic self-T-duahties. Yet all of the 
128 fluxes may in general be present in the complete underlying theory. 

7 Final comments and conclussions 

One of the main purposes of this work has been to study the duality properties of the flux 
degrees of freedom in type II D—A orientifolds, as well as in other related string vacua. 
The addition of non-geometric fluxes restores T-duahty between IIB and IIA theories but 
spoils type IIB S-duality. We have seen how including new S-dual degrees of freedom this 
symmetry may be recovered. Once that is done, extra moduli dependent terms appear in 
the effective superpotentials. Taking into account these new terms we were able to flnd 
type IIB Minkowski Af—1 vacua in which not only dilaton and complex structure but also 
some Kahler moduli are flxed. In these classes of vacua we flnd that fluxes may contribute 
to RR tadpoles with the same or opposite sign to that of D3- and D7-branes, depending 
on the flux choice. This fact was already found for type llA AdS vacua in [8] and may 
be relevant also for model-building. We leave a more systematic analysis and search for 
other minima for future work. 
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The new and old fluxes are subject to a number of Bianchi and RR tadpole cancellation 
conditions. We made use of S-duality SL{2, Z) transformations to deduce the form of 
the new conditions involving all these fluxes. It would be clearly interesting to derive 
those conditions from other arguments independent from dualities. It would also be 
important to understand the structure of branes which may be added in these generalized 
backgrounds and possible constraints which they may suffer. It is known that fluxes may 
give rise to anomalies in the world-volume of branes and similar effects are expected in 
the presence of new generalized ffuxes. 

Duahties relating these theories to heterotic and M-theory compactiflcations suggest 
the existence of yet further flux degrees of freedom, giving rise to yet more terms in the 
effective superpotential. In our toroidal examples a fully SL(2, Z)^ covariant superpoten- 
tial implies the existence of 2^ fluxes. The general superpotential contains all possible 
monomials of the seven moduli which are at most linear in any of them, with integer 
coefficients given by the 2'^ fluxes. Many points remain to be better understood. It would 
be important to examine the origin and structure of the novel S-dual fluxes as well as ways 
to understand the generalized constraints on fluxes. The same applies to the extra flux 
degrees of freedom which might be required to get consistency with the full underlying 
duality symmetries. 

Although we have concentrated on a particular class of toroidal orientifolds we believe 
that many of the points discussed (like e.g. the explicit expressions of superpotentials in 
terms of integrals of fluxes over the compact space) should have a more general validity. 
What we find seems to indicate the existence of a large number of fiux degrees of freedom 
(^2(i+'*2i+/iii) examples) giving rise to a very rich superpotential in which most or 

perhaps all moduli might be fixed. 
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A. Spinorial embedding of background fluxes. 



We have seen in section 6 how the generahzed duahty invariant superpotential presents a 
SL{2, Zy symmetry. In this appendix we describe in detail how the fluxes are arranged 
into this structure and their embedding into the spinorial representation of SO {7, 7;Z). 
Each of the seven SL{2, Z)x factors consists of two generators 

<Sx,i = || ^ I j ; Sx,2 = || ° (A.l) 

acting on the modulus Mx- From equation (6.10) one can see that Sx,i corresponds to 
shifts on the corresponding axion and Sx,2 to M-duality Mx 1/Mx- 

The set of fluxes, denoted G, contains 128 weights of the form (±, ±, ±, ±, ±, ±, ±), 
where ± stands for ±|. The transformation Mx — > 1/Mx is simply given by 

Sx,2{ni, . . . ,nx, ■ ■ ■ ,117) = Sign(nx)(ni, . . . , -nx, ■■■,nr) . (A.2) 

Thus, eq.(6.14) transforms in such a way that the full supergravity scalar potential is 

invariant under the Sx,2 generators. The resulting map between weights and flux com- 
ponents is presented in table 6. We see, for instance, that JF3 fluxes (table 1) correspond 
to (+, +, +, +, ±, ±, ±) while H3 fluxes (table 3) are represented by (— , +, +, +, ±, ±, ±) 
spinorial weights. 

^Prom table 6 we can easily read the action of the duality group in the different 
fluxes. Notice also that the duality transformations can be easily obtained by expressing 
the SL(2, Z) generators in terms of lowering and raising operators. Namely, Sx,2 = 
Sx,+ — Sx,- and Sx,i —1 + Sx,-- Thus, for instance, »Si,2^3 = —Ti-s, corresponds to the 
S-duality transformation (4.4). 

It is interesting to note how half of the degrees of freedom of each of the two Weyl 
spinors on which G = 64 © 64' can be decomposed correspond to RR fluxes, whereas the 
other half are generalized NS fluxes. Of these, half are heterotic and half are ordinary 
fluxes, thus giving a very symmetric structure. 

One can proceed analogously with the set of moduli T. In this case they transform as 
a vectorial 7 of SL{2, Zy, as shown in table 7. Let us deflne 

e*^ = l + iT-T0T + ... . (A.3) 
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Table 6: Spinorial embedding of the background fluxes. The weights in each column 
correspond to one of the two Weyl spinors on which the set of fluxes G can be decomposed. 

In this language, the superpotential (6.14) then takes the very compact form 

iy = G®e^^ I (A.4) 

which is reminiscent of the typical expressions for flux induced superpotentials. 
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iV10ClU.ll 


Weight 
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fl 0) 
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(o,o,o,o,T7o3) 



Table 7: Embedding of the moduh in a 7 of SL{2, Tf. 

Moreover, the Bianchi identities now correspond to constraints in the components of 
the bispinor of fluxes 

where r^i "^" = Ft^^ • . . . • F^"! and F^ are the complexified gamma matrices of the relevant 
Clifford algebra, and /„ = 1, 1, . . . , 7, 7. 
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